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Abstract 

The fundamental difference between the true transformations (TT) and the apparent trans- 
formations (AT) is explained. The TT refer to the same quantity, while the AT refer, e.g., 
to the same measurement in different inertial frames of reference. It is shown that the usual 
transformations of the three-vectors E and B are - the AT. The covariant electrodynamics 
with the four-vectors E°' and B°' of the electric and magnetic field is constructed. It is also 
shown that the conventional synchronous definitions of the electromagnetic energy and mo- 
mentum contain both, the AT of the volume, i.e., the Lorentz contraction, and the AT of E 
and B, while Rohrlich's expressions contain only the AT of E and B. A manifestly covariant 
expression for the energy-momentum density tensor and the electromagnetic 4-momentum is 
constructed using iJ" and B" . The "4/3" problem is discussed and it is shown that all previous 
treatments either contain the AT of the volume, or the AT of E and B, or both of them. In 
our approach all quantities are four-dimensional spacetime tensors whose transformations are 
the TT. 
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1 INTRODUCTION 

The correct expressions for the electromagnetic energy and momentum and their transformation 
properties are topics of repeated discussions in this journal and elsewhere. Two approaches to these 
problems can be distinguished. The main points of both approaches are fairly well exposed in the 
RohrHch- Boyer discussion [0, || and in the subsequent Comment 1^. 

In 1966. Rohrlich U] introduced the notions of the true and apparent transformations of physical 
quantities. The transformations of the four-dimensional (4D) spacetime tensors referring to the 
same quantity considered in different inertial frames of reference (IFRs) are the true transformations 
(TT). They are in full agreement with the special relativity as the theory of 4D spacetime with 
pseudo-Euclidean geometry. An example of the TT are the Lorentz transformations (LT) of 4D 
tensor quantities. On the contrary the transformations which do not refer to the same physical 
quantity, e.g., the transformations which refer to the same measurement in different IFRs, are the 
apparent transformations (AT) . Rohrlich |Q and Gamba ||^ discussed different examples of the TT 
and the AT and explicitly showed that the Lorentz contraction of length (volume) belongs to the 
class of - the AT. 

The fundamental difference between the AT and the TT of physical quantities is previously 
mainly overlooked. The importance of that difference is emphasized in this paper and it is shown 
here that the usual transformations of the electric E and the magnetic B fields as the three- vectors 
(3- vectors) also belong to the class of - the AT. The 4-vectors i?" and B" are introduced instead of E 
and B and the covariant Maxwell equations are formulated in terms of i?" and B°' . This alternative 
covariant formulation with E°' and B°' is equivalent to the usual covariant electrodynamics with 
the electromagnetic field tensor F"^ , (see also (g)). 

It has to be pointed out that our covariant approach with E°' and B" does not make use 
of the intermediate electromagnetic 4-potential , and thus dispenses with the need for gauge 
conditions. 

The existence of the difference between the AT and the TT causes that one can speak about 
two forms of relativity: the 'AT relativity" and the 'TT relativity." The former is the conventional 
special relativity based on Einstein's relativity of simultaneity and on the synchronous definition 
of length, i.e., on the AT of length and time, and, as shown here, on the AT of the electric and 
magnetic 3-vectors E and B. The "TT relativity," or, equivalently, the covariant formulation of 



relativity, is based on the TT of physical quantities as 4D spacetime tensors, i.e., on the covariant 
definition of length, and the covariant electrodynamics with F"^ or, equivalently, as shown here, 
with 4- vectors E"' and B°' . 

The alternative covariant approach is used to discuss different definitions of the electromagnetic 
momentum and energy, and also to discuss the related "4/3" problem in the electromagnetic mass 
of the electron. First in Sec. 2 the AT and the TT of length (volume) and of the electric and 
magnetic fields are considered. It is also shown that, contrary to von Laue's theorem, an integral 
of a symmetric tensor of second rank over the hyperplane t = const, does not form a true 4- vector, 
since the transformation of that integral from an IFR S to another IFR S' is - an AT. These 
results are used in all other Sections. In Sec. 3 it is proved that the conventional definitions of the 
electromagnetic energy and momentum are not covariant definitions, since they are synchronous 
definitions, which use the AT of volume elements, i.e., the Lorentz contraction, and the AT for E 
and B. Rohrlich's approach is discussed in Sec. 4. It is shown that neither Rohrlich's relations 
for the electromagnetic energy and momentum define the true 4-vector, since the electromagnetic 
field tensor F"^ is expressed in terms of E and B and the AT for E and B are used. In Sec. 5 we 
replace E and B with E"' and and compare the obtained expressions with Rohrlich's relations 
containing E and B. Furthermore, the 4/3 problem in the electromagnetic mass is discussed in this 
Section. In Sec. 6 some recent treatments of the electromagnetic energy and momentum and of 
the 4/3 problem are discussed and it is shown that in all of them either the AT of volume elements, 
or the AT of E and B, or both of them, are used. This means that none of these treatments do 
conform with the "TT relativity." 

2 TRUE AND APPARENT TRANSFORMATIONS 

According to the "modern" point of view the special relativity is the theory of 4D spacetime with 
pseudo-Euclidean geometry. Quantities of physical interest, both local and nonlocal, are repre- 
sented in the special relativity by spacetime tensors, i.e., as covariant quantities. The laws of 
physics are written in the special relativity in a manifestly covariant way as tensorial equations. 
The geometry of the spacetime is defined by the invariant infinitesimal spacetime distance ds of 
two neighboring points, ds^ = g ^^dx^ dx'^ {g ^i, is the metric tensor; Greek indices run from to 3, 
latin indices run from 1 to 3, and repeated indices imply summation). The laws of physics writ- 
ten as tensorial equations with 4D spacetime tensors in an IFR will have the same form in some 
other IFR, i.e., in new coordinates, if new and old coordinates are connected by those coordinate 
transformations that leave the interval ds, and thus the pseudo-Euclidean geometry of the space- 
time, unchanged. This means that in the reference frames that are connected by such coordinate 
transformations all physical phenomena will proceed in the same way, (taking into account the 
corresponding initial and boundary conditions), and thus there is no physical difference between 
them, (the principle of relativity). The transformations that leave ds unchanged also transform 
a physical quantity represented by 4D spacetime tensor from an IFR S to another IFR S"; the 
same quantity is considered in S and S' . Such transformations are the TT and an example of 
them are, as already said, the LT between IFRs. The meaning of the same quantity Rohrlich |Q] 
expresses in the following way: "A quantity is therefore physically meaningful (in the sense that 
it is of the same nature to all observers) if it has tensorial properties under Lorentz transforma- 
tions." Similarly Gamba ||5), when discussing the sameness of a physical quantity (for example, the 
quantity Af_t{x\,X\), which is a function of two points x\ and X\) for different IFRs S and S' , 
declares: "The quantity Af^{xx, Xx) for S is the same as the quantity A'^{x'x, X'^) for S' when all 
the primed quantities are obtained from the corresponding unprimed quantities through Lorentz 
transformations (tensor calculus)." 

It has to be noted that, in principle, one can choose any reference frame in which some physical 
quantity is covariantly defined, and then the same quantity is considered in all other reference 
frames, transforming all parts of that quantity by the TT. The whole physics will not depend on 
the chosen frame. However, the most convenient choice for systems with rest mass is the rest frame, 
since in that frame one retains the similarity with the prerelativistic physics. 



2.1 True and Apparent Transformations of Length (Volume) 

The definition of length (volume) which is in accordance with all the above consideration is - the 
covariant definition of length (see, e.g., Ref. 7 and references therein, or for the volume |§, ||). 
The invariant spacetime length (the Lorentz scalar) is formed as I = {l^lfj.y^'^ where is the 
distance 4-vector between two spatial points A and B on the (moving) object, = Xg — x^, 

g are the position 4-vectors in some IFR S. (We use Cartesian space coordinates x* and time 
t{x^ = ct). Without loss of generality we work in an IFR with the Minkowski metric tensor 
g^u=diag{—l, 1,1,1).) The observers in all other IFRs will look at the same events but associating 
with them different coordinates; it is the essence of the covariant description. The LT of the 
position 4-vectors, of the distance 4-vector, and of the invariant spacetime length are all the TT. 

In contrast to the covariant definition of length and the TT of the spacetime tensors the syn- 
chronous definition of length, introduced by Einstein |^, defines length as the spatial distance 
between two points on the (moving) object measured by simultaneity in the rest frame of the ob- 
server. Let /q be the rest length, or the three-dimensional volume dVb, measured by simultaneity 
in So, the rest frame of the object, at some to = a. Then the length V (the 3D volume dV') de- 
termined simultaneously in some IFR S' , at some t' = b, is Lorentz contracted, V = Zo(l — 0^)^^"^, 
{dV = c?Vbo(l — /3^)^^^), (/3 = y/c, V is the relative velocity of 5*0 and S". It has to be emphasized 
that to = a in So and t' = bin S' are not related by the LT or any other coordinate transformation. 
The time component is not transformed in the Lorentz contraction. This means that the observers 
in ^0 and S" do not look at the same events. Hence the quantities Iq and I' synchronously deter- 
mined in the rest frame of the observer refer to the same measurement in Sq and S' and not to 
the same 4D tensor quantity. Therefore the Lorentz contraction as the transformation connecting 
them is - the AT. 

2.2 Von Laue's theorem 

The existence of the fundamental difference between the TT and the AT enables us to examine 
an important theorem (it is sometimes called "von Laue's theorem"), which is widely used in 
the theory of relativity and in the quantum theory of fields. This theorem roughly states: The 
necessary and sufficient condition for the hyperplane integral of a symmetric tensor of second rank 
T {J^T'^''{x)d^(7i,{x)) to be independent of the orientation of that hyperplane (S) is that T be 
divergence-free, diyT^" = 0, (local conservation law); and if that integral is orientation-independent, 
then it can be written as J^^^T^'^{r,t)d^x and it is 1) independent of time, {J^^^T'^^{r,t)d'^x = 
Jj^jj r^°(r, t)d^x), and 2) it is a 4-vector, (the proof of that theorem can be found in, e.g., Ref .9, 
Sec. 5.8, and Ref. 10). We are not interesting in the time independence of that integral but in its 
4-vector character. In the proof of 2) the integrals are taken over the hypersurfaces t = a in S and 
t' = b in S' . According to the previous discussion about the sameness of a physical quantity for 
different IFRs, and the related consideration about the TT and the AT, we conclude: The integral 
/j^^ r^"(r, t)(i^x cannot be a true 4-vector from the "TT viewpoint." Namely, this integral does not 
refer to the same quantity considered from different IFRs, (which are connected by the LT), since 
the hyperplanes taken at t — a in S and t' ^ b in S' are not related in any way. Thus, e.g., the 
primed elements of volume d^x' in the integral in S' (/j,^^ T ^°(r', t')d^x') are not obtained by the 
LT from S, than they are simply the elements of volume of an arbitrary chosen hypersurface t' ~ b 
in S' . The transformation connecting the integrals in S and S' is - an AT, since not all parts of 
that compound physical quantity are transformed by the LT from S to S' . The situation with the 
transformation of that integral is quite similar to the already discussed Lorentz contraction as an 
AT. We see that, contrary to von Laue's theorem, the vanishing of the divergence of T does not 
assure that the mentioned integral is a true 4-vector. The considerations and the proofs given in 
the previous literature neglected that the "TT relativity" demands the same physical quantity to 
be considered from different IFRs, i.e., that all parts of that quantity have to be transformed by 
the LT from S" to S". 



2.3 The Proof that the Transformations of E and B are - the AT 



As a next example we consider the transformations of E and B. It is generally believed that 
the covariant formulation of the electrodynamics with F"'^ and the usual formulation with E and 
B are equivalent, and therefore that the usual transformations of E and B are actually the TT. 
However we show that these transformations also belong to the class of - the AT, (see alsoQ). In 
the modern derivation of the transformation relations for E and B, (see, e.g., Ref. 11 Sec. 11.10, 
Ref. 9 Sec. 3.3.), one identifies, in some IFR S, the components of the 3-vectors E.i and Bi with 
the components of F°-f^ as Ei = and i?j = (l/c)*i^°* in order to get in that IFR the usual 
Maxwell equations, 

VE(r,t) = /)(r,<)/£o, V x E(r, t) -9B(r, t)/9t, 
VB(r,i) = 0, V X B(r,i) =/ioj(r,i) + Aioeo9E(r,t)/c'<, 

from the covariant Maxwell equations with F"'^ and its dual *F'^^ 

d^F'^P = ~f/eoc, da *F'^I^ = 

where = —{l/2)£"'^'^^ F^s and is the totally skew-symmetric Levi-Civita pseudotensor. 

(Note that in the covariant formulation F"'^ is the primary quantity; it is the solution of the 
covariant Maxwell equations, or the corresponding wave equation d'^d^Fap — (1/ Eqc) {dpja—dajfs) = 
0, and it conveys all the information about the electromagnetic field. F"'^ is generally given as 

F-'i.n = (2./.„) /■|[i'(^--)(^-^')'-/(»"')(^^-^-r]Lv, 

where x°' , a;'" are the position 4- vectors of the field point and the source point respectively, and 
k = l/47r£o-) After transforming by the LT the covariant Maxwell equations to the S" frame one 
finds d'^F'"-^ = —j'^/sQC, d'^ *p'ap _ r^^^ transformations of all quantities in the covariant 
Maxwell equations are - the TT. The covariant Maxwell equations do not change their form on the 
LT embodying in that way the principle of relativity. Then one again identifies the 3-vectors E^ 
and B'^ with the components of F'"^ in the same way as in S, i.e., = and B'^ ~ {l/c)*F"^'^ 
in order to obtain the usual Maxwell equations (in the three-vector form) from the transformed 
covariant Maxwell equations. This procedure then gives the connection between the 3-vectors i?-, 
Bl in S' and E, , Bi in S as 

F, = r{El - ce.,k(3,Bl) - ((r - l)/l3')(3.,{(3kE'„) 

B., = r{Bl~{l/c)e.,kf3,E',)-i{r-l)/p')(3,{f3kB',), (1) 

where P = V/c and F = (1 — /?^)^^/^. (The components of the 3- vector fields E and B, and 
of the 3- velocity V are written with lowered (generic) subscripts, since they are not the spatial 
components of the 4-vectors. This refers to the third-rank antisymmetric e tensor too. The super- 
and subscripts are used only on the components of the 4-vectors or tensors.) According to (|l|) the 
components of, e.g., the 3- vector E' in S' are determined by the components of both 3-vectors E 
and B in S. Obviously E in S, measured by the observers at rest in S, and E' in S' , measured by the 
observers at rest in S', (the same holds for B and B'), do not refer to the same quantity considered 
in S and S' , but to the same measurement, as in the Lorentz contraction, and consequently the 
3-vectors E and E' (B and B') are not connected by the TT than by the AT, Eq. (0). 



2.4 The 4-vectors and and the AT of E and B 

Although F"'^ contains all the information about the electromagnetic field one can introduce the 
4-vectors E"' and i?" instead of the usual 3-vectors E and B. The i?" and i?" are well defined 
quantities from the "TT viewpoint" and they are defined by means of F"^ as 

F" = {l/c)F'"^Vi3^ = {l/cyF°''^vp. (2) 

The E" and B" are the electric and magnetic field 4-vectors measured by an observer moving with 
4-velocity in an arbitrary reference frame. 



We note that in this paper E" and are defined in the same way as in |[T2j, i.e., taking that 
v°' is the 4- velocity of a family of observers who measures the fields. But it is considered in ||l^ that 
E" and are necessary only for noninertial and curved spacetimes and not for IFRs. However the 
fundamental result that the usual transformations of E and B, Eq.(|^), belong to the class of the AT 
necessitates the introduction of the 4- vectors E" and B" even for IFRs. The definition (^can be 
compared with the definitions of i?" and i?" in, e.g., Ref. 13, where the covariant electrodynamics 
in the moving medium is considered and v" is the 4-velocity of the medium, or in Ref. 14, where 
the physical meaning of v" is unspecified - it is any unitary 4-vector. The reason for such choice 
of in iQ is that there E°' and i?" are introduced as the "auxiliary fields," while E and B are 
considered as the physical fields. In our alternative covariant approach the situation is just the 
opposite; i?" and are the real physical fields, which are correctly defined and measured in 4D 
spacetime, while the 3-vectors E and B are not correctly defined in 4D spacetime from the "TT 
viewpoint." 

The introduction of E°' and enables us to better explain why the transformations of E 
and B, (|l|), are the AT. Namely, in the mentioned modern derivation of (Qj two different families 
of observers who measure the electric field are considered, one at rest in the IFR S, for which 
v" = (c, 0), and another one at rest in the IFR S', for which again u'" ~ (c, 0), and these 
observers in S and S' are not related in any way. Such assumptions for u° and v'" mean that one 
does not consider the same physical quantity in S and S' , but that two different quantities i?" and 
S'" (in which is not transformed) are considered in S and S", respectively. The quantity S'" 
has nothing in common with the electric field E". This means that the transformations (Q) are 
the AT; they refer to the same measurement in two IFRs and not to the same physical quantity as 
required by the "TT relativity. " The TT referring to the same physical quantity are the LT of E°' 
and B". 

It has to be mentioned here that although RohrHch, |Q, Q and Gamba ||^ correctly insist on 
covariant definitions of various physical quantities, they also did not notice that equations (0) are 
the AT that do not refer to the same physical quantity in two IFRs. 

2.5 Alternative Covariant Formulation with E"' and 5" 

Using E" and B" one can construct the covariant formulation of electrodynamics, which is equiv- 
alent to the usual covariant formulation with F"'^ . For that one needs the inverse relations to the 
relations (||) in which F"^ will be expressed by means of E"' and B°', and w", (compare with Refs. 
13 and 14 taking into account the above mentioned remarks about the meaning of E", B"', and 
ii" in these works). The inverse relations are 

F"'^ = il/c)S';ii^v''E'' + e"'^^"'Bf,v^, 

*paf3 ^ S^j^v^B" + {l/c)e^^''''v,,E,, (3) 

where S'j^l^ = S'j^S^ — S"S^. The 4-vectors E" and B" satisfy the conditions VaE" = vpB^ = 0, as 
can be checked from (^) and (3). Substituting (3) into the covariant Maxwell equations with F"!^ 
we obtain the covariant Maxwell equations with E" and B", 

dc.{S'^l^v''En+cda{e"^^'''B^v,) = -//£o, 
5a(5^5«^B^) + (l/c)a„(e"^^''i;^i?,) = 0. 

The relations (3) transform the covariant formulation with F°'^ and *F°'^ to the covariant formu- 
lation with E" and B" , while the relations (||) do the reverse transformations, (see also [§). 

If one takes that in an IFR S the observers who measure i?" and B"' are at rest, i.e., = (c, 0), 
then i?" = i?" = 0, and one can derive from the covariant Maxwell equations with i?" and i?" 
the Maxwell equations which contain only the space parts E^ and B^ of E" and B", e.g., from 
the first covariant Maxwell equation one easily finds diE^ = j^/eoc. We see that the Maxwell 
equations obtained in such a way are of the same form as the usual Maxwell equations with E 
and B. From the above consideration one concludes that all the results obtained in a given IFR 
S from the usual Maxwell equations with E and B remain valid in the covariant formulation with 
the 4-vectors E" and but only for the observers who measure the fields i?" and B" and are 



at rest in the considered IFR. Then for such observers the components of E and B, which are not 
well defined quantities in the "TT relativity," can be simply replaced by the space components of 
the 4- vectors and B" . However, if the LT from S to another IFR S", moving with V" relative 
to S, is performed, then in S' one cannot obtain the usual Maxwell equations with the 3-vectors 
E' and B' (determined by the AT (|l|)) from the transformed covariant Maxwell equations with E'" 
and 

3 CONVENTIONAL DEFINITIONS OF THE ELECTRO- 
MAGNETIC MOMENTUM AND ENERGY 

In this section we consider the conventional synchronous definitions of the electromagnetic momen- 
tum and energy, (see, e.g., Refs. 1-3, Refs. 15,16). The total 4-momentum of a charged system 
can be written as 

PL. = (l/c) / [e'-'-ix) + T^'^ix)] d^a^x), (4) 

where d'^a^ are the components of the infinitesimal volume element of a three-dimensional spacelike 
hypersurface S, 9^'' is a stress-energy tensor which describes nonelectromagnetic forces and matter 
(including the Poincare stresses, [0 while T^'^ is the energy-momentum density tensor of the 
electromagnetic field. The sum T/^^ — 0^''(x) -I- T^"^ is divergenceless, dyTj^^^ = 0, causing that 
the hyperplane integral (4) is independent of the orientation of that hyperplane, which enables one 
to choose S as the plain t = a m S and t' = h m S' . Both stress-energy tensors in (4),8'''' and 
T^'^ , are taken synchronously in S and S", i.e., at a single time in the observer's frame. But, as 
shown in the preceding section, contrary to the assertions in [2, 3, 15, 16], (which are based on von 
Laue's theorem), the integral over the hyperplane t = const., i.e., Ptot. (4), is not a true 4- vector, 
since the transformation of that integral is - an AT. 

3.1 The Electromagnetic Component 

Using such synchronous definitions, i.e., the choice t = const, for the hypersurface S in the ob- 
server's frame, and considering only the electromagnetic component with T^'' expressed in terms 
of E and B, one finds the conventional form for P^ of the field in an IFR S 

P^ = (1/c) f T^'"{r,t)d^x (5) 

Jt=a 

and the traditional expressions for the field energy and momentum: 

cP)? = [// = (eo/2) / [E^{r,t)+c^B'^{r,t)]d^x:^ I u{r,t)d^x, 

J t—a J t—a 

Pf = £0/ E(r,t) X B(r,i)d3x / g{r,t)d^x. (6) 

t—a J t—a 

(Note that Pj* (5-6) is not a legitimate 4-vector and the notation with the superscripts is not 
appropriate, but here we retain such notation due to historical reasons.) For the determination 
of P'f and Pj" in S' one needs to perform: 1) the transformations of the integrals, i.e., of the 
hypersurfaces t = const., which are the AT, and 2) the AT (1) of E and B. This means that 
the conventional synchronous definitions of the electromagnetic energy and momentum are not in 
accordance with the "TT relativity;" the energy- momentum (5-6) as a synchronously determined 
nonlocal physical quantity in an IFR has nothing to do with the corresponding quantity relevant 
to observers in another IFR. 

3.2 The Poincare Stresses and the Nonelectromagnetic Component 

In addition, it has to be mentioned that the origin and nature of the Poincare stresses, which 
are included in 0^" component, are unknown, and, in fact, Poincare stresses are not measurable 
physical quantities. Such a theory with Poincare's stresses is like the theories which tried in the 



synchronous formulation of nonlocal physical quantities to resolve the problem of equilibrium in 
the special relativity, particularly the right-angled lever problem, by introducing the Active energy 
current, von Laue's energy current iQ; (many others repeated Laue's explanation, see, e.g., Ref. 
19). But, as Aranoff [20] stated in his severe criticism of von Laue's explanation: "The energy 
current idea of von Laue has to go the way of phlogiston, and the ether. It is interesting how man 
has to invent very fine fiuids which carry energy but which are otherwise unobservable." Exactly 
the same statement is appropriate for the Poincare stresses. 

It is interesting to discuss in more detail the explanations given for the nonelectromagnetic 
component G'*'^ in the theories [2,3,15,16]. Boyer [2] considers a spherical shell of charge (as 
a model of the classical electron) in different IFRs. He concludes that, in an improper IFR, 
there is a net transfer of energy and momentum from the mechanical stabilizing forces to the 
electromagnetic field as a consequence of the relativity of simultaneity, i.e., as a result of the 
nonsimultaneity of the "clamping" of the forces of constraint on the moving charged shell. On the 
other hand, according to [2], there is no such transfer in the rest frame since there the forces of 
constraint were applied simultaneously. However, we note that the relativity of simultaneity is not 
an intrinsic feature of relativity, but it is a coordinate dependent effect, i.e., it depends on the 
kind of synchronization procedure adopted, and thus on the adopted coordinatization procedure 
of Minkowski spacetime. This means that the above mentioned transfer of energy and momentum 
[2] , will depend on the adopted synchronization procedure and particularly for the synchronization 
with absolute simultaneity, (see, e.g., Ref. 21), the net transfer would need to disappear. Thus the 
changes in energy and momentum of the moving charged shell which own their existence to the 
relativity of simultaneity are, in fact, unphysical. Therefore, the assertions given in [2] about the 
validity and the relativistic correctness of the traditional definitions (5-6) in every IFR, taken at a 
single time in that frame, are unfounded. 

Boyer used the relativity of simultaneity to obtain the additional contributions to the "pure 
electromagnetic" energy and momentum (5-6) for a moving charged system, i.e., during a trans- 
formation from the rest frame to another IFR. Instead of that the energy increment is explained 
in [15] as arising from the forces of constraint due to work done by these forces during the Lorentz 
contraction of a moving charged system. The additional contribution to the electromagnetic mo- 
mentum of a moving charged system is associated in [15] with the energy flow (as von Laue's 
energy current) due to forces of constraint. But, as shown in Sec. 2, the Lorentz contraction is an 
AT. This fact, together with the use of the synchronous definitions (5-6), causes that neither the 
treatment in [15] do conform with the "TT relativity." 

In [16] a parallel plates capacitor and a uniformly charged spherical shell were considered. In 
a similar way as in [2] and [15], it is attempted in [16] to obtain T/^^ , which is divergenceless. A 
special gaseous substance (a special kind of "molecules" that are considered as moving particles 
or as continuous gaseous substance) is introduced in order to provide the additional energy and 
momentum needed to balance the electromagnetic energy and momentum. We remark that this 
gaseous substance is the same kind of substance as that one involved in von Laue's energy current, 
i.e., as Aranoff [20] states: "....very fine fluids which carry energy but which are otherwise unobserv- 
able." Really it is assumed in [16] that the mentioned "molecules" carry the energy and momentum 
but they do not interact with one another and: " do not change the dielectric properties of the 
medium between the plates which is the same as that of the vacuum." 

We see that in the conventional definitions (4), (5-6) the treatment of the electromagnetic 
component includes the AT of the hyperplane t = const, and the AT of E and B, while the 
treatment of the nonelectromagnetic component introduces and uses unphysical quantities. 

4 ROHRLICH'S DEFINITIONS OF THE ELECTROMAG- 
NETIC MOMENTUM 4- VECTOR 

Next, we consider Rohrlich's definition of the electromagnetic momentum 4-vector and the appro- 
priate transformations of the electromagnetic energy and momentum. Instead of the traditional, 
synchronous, definitions (5-6) in the observer's frame Rohrlich [22, 23, 1] defines the energy and 
momentum of the electromagnetic field in a relativistic covariant way. The general manifestly 
covariant definition of the electromagnetic 4-momentum in any IFR is given by (4) without the 



nonelectromagnetic part, i.e., as 



P^ = {llc) jj^^{x)Sa,{x), (7) 

with the same meaning of symbols as in (4) . The energy momentum tensor T'^'^ is given in terms 
of F^"^ as 

T'"' = eo [F^'^'F^ + {l/A)g^'''F^pF''l^] (8) 

Rohrlich [1, 22, 23] defined the electromagnetic energy-momentum for a system in uniform motion 
as the Lorentz boosted rest frame, and the hyperplane of integration is specified to be the plane in 
which the system is at rest. In such a way it is achieved that P'^ is a 4- vector even though there are 
sources present. In the IFR 5(0) in which the system is at rest Rohrlich chooses the hypersurface 
E in (7) to be the plane E(o) = t(o) = const.. The same S is considered from all other IFRs as 
required by the covariant approach, i.e., in some IFR S obtained by the Lorentz transformation L 
from <S'(o), S in (7) is iS(o). d^Ciy in an IFR S can be written as d^a'^ = v^d^a, where n}^ being 
a timelike vector normal to the hyperplane S, n'^ = r(l,/3), {(3 = V/c, V is the 3-velocity of the 
frame S relative to S'(o)). In 5(0) "-("o) ~ invariant and it is = dV(o), where dV(o) 

is the infinitesimal element of the 3D spatial volume V(o), i.e., of the 3D hyperplane <(o) = const., 
in the rest frame S'(o) of the system. We see that in Rohrlich's approach one always integrates 
over the hyperplane which is the transformed three space of the rest frame. Obviously, according 
to the construction, i.e., since always the same physical quantity is considered from different IFRs 
and only the TT are used, it is found that the quantity (7) is a legitimate 4-vector. However, 
when Rohrlich explicitly calculates (7) for specific physical system he also writes, as all others, the 
electromagnetic energy and momentum densities in terms of the 3- vectors E and B and uses the 
AT (1). 



5 ELECTROMAGNETIC MOMENTUM 4-VECTOR IN 
TERMS OF AND 5" 

In order to remove the last element from the theory that is not in accordance with the "TT 
relativity," we write T^" and in terms of covariant quantities E°' and B°' . Then we compare 
so obtained T'"' and Pj with traditional definitions of the electromagnetic energy and momentum 
(5-6) and with Rohrlich's expressions (3.23) and (3.24) in [23] or with the expressions for P^ and 
P^ obtained in [1] for the choice (II). 

Using the relations (3) we express F"'^ and thus also T'"' (7) in terms of E°' and P". The 
obtained covariant expression for the symmetric energy-momentum density tensor T^'^ is the fol- 
lowing 

T^" = £0 [-((,9^72)+v^f7c')(^a-B"+c2B„B") 

+F''P'" + c^P^P"^ (9) 
+ (l/c)e'^"'3'^Pa(w''w^F^ - E'^vpv^) 
+ {1/0)6"'''^"' B^iv^v^Ep - E^'vpv^)] 

Introducing (9) into (7) one finds the expHcit expression for the covariantly defined electromagnetic 
4- momentum P^ . All parts of the expression (7) with T^" from (9) are covariantly defined quan- 
tities which transform according to the TT, i.e., according to the LT; in another IFR S' moving 
with the 4-velocity y relative to S the 4-momentum (7) with T'^" defined by (9) will have the 
same form but with primed quantities replacing the unprimed ones. 

5.1 -P/ in 'S'(o) and S 

Let us now use the above manifestly covariant expression for P^ with E" and B" to examine some 
specific cases considered in [1] and [2]. First we write T^^^ and ^y'(o) in "^(o)) the rest frame of the 
charged sphere, i.e., when u" (the 4-velocity of the charge) is — (c, 0), whence n(o)i, = (—1, 0). 



The observers who measure E^^^ and B^^^ are taken to be at rest in iS'(o) , and thus (the 4- velocity 
of the observers) is v" — u" = (c, 0). For such observers in 5(0) one finds E'^^-^ = 0, B^q^ = and 
only EL. ^ 0. Prom 



we find that 



Pm^(y^) r('^o)"(o).rf^(o), (10) 



P]^(o) = -il/c) / Tl'^^dV^o), Pko) = / r^y^(o) = 0, (11) 

where from (9) the components of T^^^^ can be expressed in terms of -B^^j and S^Jj) as T|Pg° = 
-UEio) = -(eo/2)(^;('o)^(o)^), ^^o?) = ^(o) = 0' ^(o) = ^o(B('o))' " ^o), and similarly for Tf^^ and 
T^Q-^ with indexes 2 and 3 replacing the index 1, and T^*p^ = T^-'J^ = eo£'(Q-)£'^Qj , with i j. i?(o) are 
the space components of the 4-vector E"^^^ and they correspond to the usual Coulomb field. Thus 
the self-energy due to the Coulomb field ?7/(o) and the space part ^/(o) are 

^/(o) = ^-^/(o) = / "is(o)rfV(o) = (eo/2) / £;('o)i;(o)jdV(o), 

^;(o) = (12) 

In order to find the 4-momentum P^, Eq. (7), in another IFR S moving with the 4- velocity 
= (Fc, TV, 0, 0) relative to 5(o) one can either transform -P^jq) as a 4-vector from iS'(o) to S, 
or to transform all quantities on the right-hand side of (10) from 5(o) to S. The same result is 
obtained and it is 

Pf=^Pmy P}-^~P^Pm^ Pf = Pf-^- (i3) 

Note that the same family of observers who measures E"q^ and i?^^^ in 5(o) is considered in all 
other IFRs. Wee see that, when referred to the invariant 3D integration volume dV(o), the energy 
density u^; in the IFR S moving with = (Fc, TV, 0, 0) relative to 5(0) is Fu^(o) , contrary to the 
results in [1,22,23]. 

5.2 The ("4/3") Factor 

We can use these results to discuss the famous "4/3" factor appearing in the problem of the 
electromagnetic mass of the classical electron, (see, e.g., Refs. 1-3). Let us suppose that in the 
rest system 5(0) the whole mass m of the electron (considered as a sphere of radius R with a 
uniform surface charge density) is due to electrostatic energy of the field. Using the traditional, 
synchronous, definitions (5-6), one finds that in 5(o) cP°(o) = mc^ = f^/(o)i and P/(o) = 0. In an 
IFR S in which the particle moves with the velocity u one obtains from (5-6) — rTO(l + u^/3), 
and P/ = (4/3)rmu, (see eqations (11) and (12) in Rohrlich's criticism [1] of the work [2]). We see 
that the spurious 4/3 factor appears in P/. Of course, as already said, the quantities P° and P/ 
do not form a 4-vector. Because of that /^/j, the force density that provides the Poincare stresses, 
is introduced into the theory. Then P?^^ and Pcoh are calculated by means of in such a way 
to give that the sum of two false 4- vectors Pj and is a hyperplane integral independent of the 
orientation of that hyperplane. Applying von Lane's theorem it is concluded by the proponents of 
the synchronous definitions that such sum is a legitimate 4-vector, (see, e.g., Ref. 1 Eqs. (14) and 
(15)). However, despite the fact that the sum P^ -I- P^^ can be written in the form of a 4-vector, 
i.e., as mv'^, (see equation (15) in [1]), this quantity is not a true 4-vector. As we have already 
shown this sum does not refer to the same quantity considered in different IFRs; the plains t(o) = a 
in 5(0) and i = & in 5 are not related by the LT than by the AT, and the relations (1) connecting 
E and B in 5 and E(o) and B(o) in 5(o) are not the LT of the same quantities from 5(o) to 5, than 
they are also the AT. 

In contrast to the synchronous definitions considered in [2, 3, 15, 16], Rohrlich's expressions for 
Pf and Pf in 5, derived in the Appendix in [1], give that Pf alone can be written as ?7iu'', and 



accordingly it is also concluded in [1], by the use of von Laue's theorem, that is a true 4- vector. 
In Rohrlich's approach there is no spurious 4/3 factor in Pj , and, in contrast to Boyer's approach, 
RohrHch's S in is correctly determined as LY,{o). But, as already said, neither RohrHch's 
is a legitimate 4-vector, since he uses the AT of E and B. The use of E and B and the AT (1) 
in [1] instead of the 4-vectors E"' and B"' and their LT causes the difference between the results 
obtained in [1] for the energy and momentum densities and for P° and P^ , and the corresponding 
expressions obtained here, Eqs. (12) and (13). 

>From (11,12) and (13) we see that in the covariant approach presented here the spurious 
factor 4/3 does not appear and that "pure electromagnetic" Pj is a legitimate 4-vector; it refers to 
the same quantity in all IFRs since all parts of it are Lorentz transformed when going from IFR 
5'(o) to some IFR S. 

5.3 Rohrlich's and P} from with and 

The expressions for (written with and B") corresponding to Rohrlich's relations for P° 
and P} with E and B [1], can be obtained in the following way. Let the IFR S be the frame in 
which the particle moves with the 4- velocity u" = (7„c, 7„u, 0, 0), and therefore the unit 4-vector 
is = (7„, 7„/3u, 0, 0). The 4-momentum is given by (7). Using these relations we write the 
components of P^ as 

= -hu/c) J dV^o) [T™ - /?„TiO] , 

P} = -hu/c) J dV^o)[T''~PuT'^]. (14) 

Further, let the observers who measure the fields i?" and B"' in S are at rest in S, i.e., their 
4- velocity v" is v" = (c, 0). For such observers E° = B° = 0. Then from (9) we find that T'"' can 
be written in terms of the components of i?" and B" as 

= -UE = -{eo/2){E'E, + c^B'B,), 

T°' = -eoce,,kE'B\ (15) 

T" = eo{{E'r+c'{B'r)-UE, 

Ti" = eoiE^E^' +c^B^B"), n = 2,3. 

When T'^" from (15) is introduced into (14) then P° and Pj seem Hke P^ and P] for the choice 
(II) in.[l] . But the 4-vectors E"' and B"' in (15) are measured by the observers at rest in S, i.e., 
whose velocity is f" ~ (c, 0), which means that these E" and B"' are not the LT of the previously 
mentioned E"^^^ and P^jjj (for which = (c, 0) in 5(0))- Thus we find that, contrary to the 
derivation in the Appendix of [1], Eq. (14) with T^'^ determined by (15) is not the LT of Pj(o) 
(11,12). The LT of ^j^(o) actually given by (13), as it is shown above. If one performs the same 
procedure as in the Appendix of [1] expressing the 4-vectors E" and B" in S by means of E'^^^ 
and P^pj , the 4-vectors in the rest frame 5(0) of the charged sphere, which are connected by the 
LT with -E" and P", then one does not find Pg and P* obtained for the choice (II) in.[l]. The 
4-vectors E'^^^ and P|q^ are not equivalent to the previously considered (in connection with (11-13)) 
4-vectors E"^-^ and B"^^ ; the former refer to the electric and magnetic fields which are measured in 

5 by the observers at rest in S and then Lorentz transformed to 5(0), while the latter refer to the 
electric and magnetic fields which are measured directly in 5(0) by the observers at rest in 5(o). 
The preceding discussion reveals that the difference between the results in [1] and in this paper is, 
as already said, a consequence of the use of the 3-vectors E and B and the AT (1) in [1], and the 
use of the 4-vectors P" and B" and their LT in this paper. 

6 SOME RECENT TREATMENTS OF THE ELECTRO- 
MAGNETIC MOMENTUM AND ENERGY 



In this section we consider some recent treatments of the electromagnetic energy and momentum. 



6.1 Romer's Question and Answers 

Recently Romer [24] revived the question of the correct expressions for the electromagnetic field 
momentum and energy in the case of "bound" fields, fields that are tied to their sources. He, and 
many others (see references in [24]), uses the traditional synchronous definitions (5-6). As we have 
already shown the relations (5-6) contain the AT of the hyperplane t = const, and the AT of E 
and B. Different answers to this question have been given in [25]. Neither the answers [25] to the 
question in [24] are in a complete agreement with the "TT relativity." First, they also work with 
E and B and their AT (1), and base their conclusions on von Laue's theorem. 

6.2 Schwinger's Consideration of the "4/3" Problem 

We have to mention an interesting consideration of the electromagnetic energy and momentum 
and the electromagnetic mass given in [26] by Schwinger. He also uses the synchronous definition 
of Py* (5). In difference to the works [2,3,15,16] he does not deal with Poincare's stresses, but 
changes the definition of the electromagnetic energy-momentum tensor T^" (8) . As it is already 
said T^"^ (8) is not divergence-free and therefore the hyperplane integral of T^" (7), is dependent of 
the orientation of the hyperplane. Schwinger construes, but only for a class of fields and currents, 
associated with uniform motion, a new, conserved, divergenceless, energy-momentum tensor T^^/i 
of the electromagnetic field. Since d^T^'^y^ = it is achieved in [26] that the hyperplane integral 
(7), (with Tg'^^ replacing T^" (8)), is independent of the orientation of that hyperplane, and this 
is considered by Schwinger too as a necessary and sufficient condition that the integral (7) is a 
true 4- vector, i.e., he also accepts von Laue's theorem as that it is a correct one from the "TT 
viewpoint." Then choosing that E in (7) is the plane t = am some IFR S the integral (7) becomes 
the synchronous definition of (5). Also it has to be noted that the tensor Tg^/j is not unique, 
and for the same field-current distribution one can have different Tg'^y^ , e.g., the tensor (1) equation 
(42) and the tensor (2) equation (44) in [26]. Using different T^^"^ ((1) and (2) in [26]) two different 
"covariant" versions of the concept of electromagnetic mass were obtained in [26]. We note that 
the same remarks as for the usual synchronous definitions hold also here; t(o) = const, in 5(0) and 
t = am S are not related by the LT than by the AT. Further, the energy and momentum in [26] 
are ultimately expressed in terms of E and B, (see equations (43), (45) and (46) in [26]). Thus, 
contrary to the assertions in [26] , we conclude that even though the energy and momentum defined 
by (5) (with Tg^^ instead of T^^) transform hke a 4- vector (see equations (62-63) in [26]), these 
equations, which are derived from Pj (5), do not define a true 4- vector, i.e., they do not covariantly 
define the energy and momentum of the "bound" electromagnetic field. The AT are used in the 
derivation in [26], whence one concludes that neither the equations (62) based on rest mass mP'^ 
nor the relations (63) based on rest mass m'^' do refer to the same physical quantity considered 
from different IFRs. 

6.3 Some Other Treatments 

Recently the electromagnetic mass derived from the self-force and the 4/3 factor were discussed in 
[27]. These works will not be considered here, but we only mention that, ultimately, they use the 
synchronous definitions and the 3-vectors E and B. 

In the recent work [14] the covariant Majorana formulation of electrodynamics is constructed. 
There, the covariant expression (with the 4- vectors E"' and P") for T^" is obtained, and it is equal 
to our Eq. (9). But, as we have said, Esposito [14] considers the fields P" and P" as "auxiliary" 
fields, while the 3-vector fields E and B are considered as physical fields. The situation is just the 
opposite in our alternative covariant approach. 

The preceding discussion indicates that the correct definitions from the "TT viewpoint" of the 
electromagnetic 4-momentum have to contain only covariantly defined quantities, including the 
4- vectors P" and P" instead of the usual 3-vectors E and B, and the TT of 4D tensor quantities 
instead of the AT. Such relations are the expressions (7-15) in this paper. 



7 DISCUSSION AND CONCLUSIONS 



The fundamental difference between the apparent and true transformations of physical quantities, 
which is previously mainly overlooked, enabled us to reveal that the usual formulation of elec- 
trodynamics with the 3-vectors E and B is not in agreement with the "TT relativity." Different 
definitions of the electromagnetic energy and momentum are shown to be invalid from the "TT 
viewpoint" since they contain either the AT of volume, or the AT of E and B, or both of them. We 
have constructed a covariant formulation of electrodynamics with the 4- vectors E°' and i?" equally 
as valid as the usual covariant approach with F"^ . The covariant expression for the symmetric 
energy-momentum density tensor T^" is obtained by means of and B". The electromagnetic 
4-momentum with E" and i?" is shown to be a true 4-vector. Pj refers to the same quantity 
considered in different IFRs, since all parts of it are transformed by the LT from an IFR S to 
relatively moving IFR S'. 

We emphasize that this approach with E"' and is not restricted to the classical electrody- 
namics but refers in the same measure to the quantum electrodynamics. The 3-vectors E and B, 
(whose transformations are the AT), can be replaced by the 4- vectors E" and B" , (which trans- 
form according to the TT), in the quantum electrodynamics as well. The use of and B" in 
the quantization of the electromagnetic field does have important advantages: 1) E"' and are 
covariant quantities, 2) one does not need to use the intermediate electromagnetic 4-potential A^, 
and thus dispenses with the need for gauge conditions. 
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